In this paper, we study dynamical behavior of geometric discord of a system including a two-level atom interacting with a quantized radiation field, described by the Jaynes-Cummings Hamiltonian.
I. INTRODUCTION
Nowadays, quantum discord is proved to be a resource to enhance the quality of quantum information and computation processing [1] . This approach of quantum correlation expresses a different type of correlation [2, 3] in comparison with entanglement in which we concern about separability. Quantum discord sheds a new light on the concept of correlation in composite systems and reveals that there is some separable, i.e. disentangled, multipartite states which posses quantum correlation and hence they can be employed as a resource for improving the quantum information processes, speeding up the quantum computation algorithms and/or performing the quantum communication protocols. Despite of entanglement which looks on correlation form the separability point of view, quantum discord captures quantum correlation from the measurement perspective [4, 5] . Indeed, calculations of quantum discord requires to find the best (optimized) measurement performing on the one part of the system, making therefore, calculation of quantum discord more complicated and prevents one to obtain an analytical closed formula for quantum discord, in general.
Quantum discord is analytically calculated only for a few families of two-qubit states [6] and for some reduced two-qubit states of pure three-qubit states and also for a class of rank-2 mixed state of 4 ⊗ 2 systems [7] . Nevertheless, the geometric measure of quantum discord is in general rather easier to calculate non-classical correlations [8] .
Geometric discord is defined as the squared Hilbert-Schmidt distance between the state of the quantum system and the closest zero-discord state. For a bipartite state ρ on the Hilbert space H A ⊗ H B , geometric discord D G is defined as [8] D G = min
where minimization is taken over the set of all zero discord states χ 0 , and ρ − χ 2 = Tr(ρ − χ) 2 is the squared norm in the Hilbert-Schmidt space, so this quantity vanishes on the classical-quantum states which are quantum correlation-free.
An exact expression of D G for pure N ⊗ N and arbitrary 2 ⊗ N states are obtained [21, 22] .
Consider a bipartite density matrix ρ acting on the Hilbert space C 2 ⊗ C N . One can write ρ in the Bloch representation as
where
are the usual Pauli matrices, and {λ j } N 2 −1 j=1 are generators of SU (N ), fulfilling the following equations
Also 
where {ξ k } 3 k=1 are eigenvalues of x x t + 2 N T T t , in non-increasing order, and ξ max =
The Jaynes-Cummings model (JCM), which describes the interaction of a single two-level atom with the quantized radiation field [9] , has been the subject of numerous studies in the field of quantum optics due to its bright expressing of physical concepts such as collapse and revival. Furthermore, it has attracted much attention in order to study the quantum correlations. A lot of studies have been devoted to create entanglement between the atomfield state and to control and quantify it. For example, the entanglement properties of a system described by the JCM has studied in the situation where the atom is initially in a mixed state and the field is initially in a squeezed and coherent state [10] . The entanglement properties of the JCM has also investigated where atom is initially in a mixed state and field has considered a thermal state [11] . In addition, the entanglement of the JCM is measured by employing the negativity as a degree of entanglement in [12] , for which initial state of atom is a mixed state and field is initially in a coherent state and the system of atom-field undergoes a unitary evolution.
The evolution of the JCM under decoherence has also been the subject of some studies. Such evolution is considered in [13] where the authors assumed the atom initially be in a pure state and the field initially be in a number state. Also in [14] Buzek et al. has investigated the dephasing evolution of the JCM where initial state of atom is a mixed state and the field is initially in a vacuum state.
Furthermore, the stationary entanglement of the JCM has studied in dephasing condition in [15] where the authors investigated the negativity of the JCM regarding the situation in which atom is initially in a mixed state and field is initially in a number state and they have shown that we can find an optimum detuning in which the steady state negativity is maximum.
Also, the atom-field interaction recently has received attention in order to investigate quantum discord. For instance, the quantum discord dynamics of a closed system described by the JCM has studied in [16] , where the atom is in a thermal equilibrium mixed state and field is in a number state . However the dynamics of discord of the open systems described by JCM for an initially mixed state of the atom and a coherent initial state of the field has not yet considered.
In this paper, we first study the pure dephasing evolution of the JCM where the atom is assumed to be initially in an arbitary mixed state and the field is initially in a general pure state. As we mentioned, this evolution has been the subject of some studies such as [14, 15] but in comparison, this paper presents the analytic calculation of time evolution of the JCM in pure dephasing condition with a more general set of initial states. By achieving the state of system at any time t, we calculate the geometric discord of the JCM in two important cases number state and coherent state as the initial states of the field. We investigate the behavior of geometric discord of the JCM in these cases and show how geometric discord of system at large enough times, steady state D G , dependeds on detuning and mixdness parameters of the system. It is shown that similar to the negativity, the steady state D G of the system gains an optimum amount at some values of detuning.
The paper is organized as follows. In section II, we briefly review the Jaynes-Cummings
Model. Pure dephasing evolution of the system is studied in Section III. Section IV includes the calculation of geometric discord for two distinct initial states of the field i.e. number and coherent states. In Section V, we present our results and conclude the paper with some discussions.
II. THE JAYNES-CUMMINGS MODEL
The Jaynes-Cummings model (JCM) describes the interaction of a two-level atom with a single-mode quantized radiation field [9] . The Hamiltonian of this model is given by
where H 0 and H I are, respectively, the internal and interaction energy of the atom-field system, defined by (for = 1)
Here ω A and ω F are the transition frequency of the two-level atom and the frequency of the radiation field, respectively, and g denotes the atom-field coupling. Also σ + , σ − = σ † + are atomic spin-flip operators and σ z is the atomic inversion operator which act on the atom Hilbert space H A . Also a and a † are annihilation and creation operators of the field acting on the field Hilbert space H F . The two-dimensional Hilbert space of the atom is spanned by two orthonormal states |g → (0, 1) t and |e → (1, 0) t and the field Hilbert space is spanned by photon number states {|n =
, where |0 is the vacuum state of the radiation field.
To achieve the time evolution of the system, it is convenient to work with dressed-state representation of the Hamiltonian (5). Regarding the fact that Hamiltonian (5) conserves the total number of excitation K = (a † a + 1 2 σ z ), one can decompose the atom-field Hilbert space
H n such that H 0 = span{|g, 0 } and H n+1 = span{|e, n , |g, n+ 1 } for n ∈ {0, 1, 2, ...}, are eigen-subspaces of K with corresponding eigenvalues − ), respectively. Accordingly, Hamiltonian (5) has the eigenvalues
with the corresponding eigenvectors
, Ω n = (∆/2) 2 + g 2 (n + 1) is the Rabi frequency, and ∆ = ω A − ω F is the detuning parameter of the system.
III. PURE DEPHASING EVOLUTION OF THE SYSTEM
In the following, we assume that our system undergoes a pure dephasing evolution which obeys the following equation [17] [18] [19] 
where γ is the dephasing parameter and ρ(t) is the density matrix of the atom-field in any given time t ≥ 0. Equation (10) has the following formal solution [13, 20] 
such that ρ(0) is the initial state of the system and
In order to find the time-evolved state ρ(t), we need to expand the initial state ρ(0) in terms of the dressed-states, i.e. the Hamiltonian eigenbasis (9), as
Using this in Eq. (11) we get
where we have defined
Now let us suppose that, initially at t = 0, the system is found in the product state
such that ρ A (0) is the initial state of the atom and is considered to be a mixed state
and ρ F (0), the initial state of the field, is assumed to be a pure state
with |η = ∞ n=0 b n |n , where the complex coefficients b n s satisfy the normalizing condition ∞ n=0 |b n | 2 = 1. In section (IV), we will fix the coefficients b n for two special cases, namely, number states and coherent states. Accordingly, inserting Eqs. (16)- (18) into Eq. (14) and using orthonormal basis {|e 1 ≡ |e , |e 2 ≡ |g } for the atomic Hilbert space, one can find after tedious but straightforward calculations the following representation for the density matrix ρ(t)
whereÂ(t),B(t), andĈ(t), operators acting on the field Hilbert space, are defined bŷ
where matrix elements of operatorsÂ (e,g) (t),B (e,g) (t), andĈ (e,g) (t) in the Fock basis {|n } ∞ n=0
are defined as
We will employ this representation to calculate the geometric discord.
IV. GEOMETRIC DISCORD OF THE SYSTEM
In this section, we turn our attention on the geometric quantum discord of the state given by Eq. (19) . To do so, we should first note that the state (19) is supported, actually, on a 2 ⊗ ∞ Hilbert space and investigating the correlation properties of this system looks like an impossible task. However, as we will show in the following, by considering some appropriate initial states for the field, our state at a given time t > 0 can be represented by a 2N × 2N matrix for a finite N . In continue, we express two examples of these preparations.
A. Number state as initial state of the field
We first consider the case that the field is prepared, initially, in a given number state |k , i.e. the coefficients b n are set to be b n = δ nk . In this particular case the atom-field state ρ(t) of Eq. (19) is supported on a 2 ⊗ 3 Hilbert space. By setting {|k − 1 , |k , |k + 1 } as orthonormal basis of the field, one can represent the corresponding density matrix as
This density matrix can be used to obtain coherence vector x and correlation matrix T and hence the geometric discord. In comparison with the results of [15] where the authors consided the atom initially in the exited state, we can set p = 1 in Eq. (29) obtaining the dephasnig evolution of the JCM when the atom is initially in the exited state.
B. Coherent state as initial state of the field
As a second example, we consider the case that the field is initially in a coherent state
. Although this initial condition implies a 2 ⊗ ∞ support for ρ(t), the Poissonian distribution of photon numbers of coherent states allows us to truncate the dimension of the field Hilbert space to a finite one. Numerically, it is seen that if we set |α| = √ 5 the coffiecients b n s will be negligible for n > 30; Indeed, the ratio |b n+1 | 2 |bn| 2 becomes less than 10 −10 for large enough values of n, so it is reasonable to restrict the dimension of the field Hilbert space to an appropriate N . To fulfill the adequate accuracy in the case of |α| = √ 5, numerical calculations have shown that N = 30 is sufficient enough such that by limiting the summation on n to N = 30 the trace of ρ(t) will be 1 up to 10 −15 amount of error, i.e. Tr[ρ(t)] ∼ = 1, so we truncate our field Hilbert space to a 30-dimensional one. This approach has also employed in [12] to calculate negativity of the JCM where the system undergoes a unitary evolution and the consideration of the initial states of atom and field are the same as the present paper. We use the same approach to evaluate the dephasing evolution of the JCM and it can be seen that just by setting the dephasing parameter γ equal to zero, i.e. the unitary evolution, the results of [12] for the state of the system can be achieved. Nevertheless, in the case of dephasing evolution the 25-dimensional field Hilbert space which is used in [12] were no longer accurate in numerical calculations, so we have expanded this dimension to thirty. Now we focus on calculating the D G of the atom-field state while the field is initially in the mentioned coherent state. In this case, it is by far more convenient to use the atomic representation of ρ(t) as it is argued in (19) , hence, each block of the density matrix (19) will be a 30 × 30 matrix acting on the field. If we let {λ j }
to be the generators of SU (30) and use the Pauli matrices as the generators of the SU (2) and utilize the representation (19) we have
and
where j = 1, . . . , 30 2 − 1 and Tr F is trace over the field and readily would be applied on matrix representation of operatorsÂ(t),B(t),Ĉ(t) andĈ † (t). Knowing the coherent vector x and correlation matrix T corresponding to the density matrix ρ(t), enable one to calculate the geometric discord via Eq. (4). Meanwhile, the explicit representation of generators of SU (30) are required; The method argued in [26] has expressed a set of straightforward equations to achieve both Cartan sub-algebra and non-diagonal generators of SU (N ).
V. RESULTS AND DISCUSSIONS
Based on analytical calculations of pure dephasing evolution of the atom-field system described by the JCM, expressed in previous sections, we have calculated the geometric discord D G of the state regarding different amounts of the parameters ∆, p and γ. In all of calculations the parameters g and ω A are assumed to be 1. The evolution of the state of the system and hence the dynamics of the quantum correlations strongly depend on the initial state of the system. Therefore, in all of the following calculations we suppose that the atom is initially in a mixture of ground and excited state and the field is in a pure initial state.
For the pure state of the field we consider two distinct cases: the field is initially in a number state and the field is initially in a coherent state. Also, we mostly concern our attention on quantum correlations of the JCM in pure dephasing evolution, but it is worthwhile to evaluate our results when the dephasing parameter γ is assumed to be zero, i.e. the unitary evolution, and then compare the result when the dephasing process is present.
A. Initiating the field in a number state
We first consider the case that the field is initially prepared in a number state, so that time behavior of the system can be readily realized by looking to the Eq. (29).
• Unitary Evolution i.e. γ = 0:
Suppose that the initial state of the field is set to be vacuum state |0 . Figure 1 shows time behavior of D G when the atom is initially in the excited state |e , and for two different values of detuning ∆ = 0, 1. Since evolution is unitary, the pure initial state of the system will remain pure during the evolution. As it is mentioned in Ref. [27] , concurrence as
where C(Ψ) is the generalized concurrence of |Ψ [28] . The authors of [15] have investigated the negativity of the JCM with the same assumptions. Comparing the results, truly expresses this resemblance; where regardless the scale of graphs, the time behavior of D G and negativity are the same. We can see that as the collapse and revival occurs, the atom and the field becomes periodically correlated and de-correlated.
• Dephasing regime i.e. γ = 0:
When the dephasing parameter γ is not zero, the story is different. Decoherence density matrix of the system at the asymptotically large times:
.
As it is clear, the value of ∆ acts an important rule in the value of the asymptotic D be not symmetric with respect to the parameter p. Since the one-dimensional dressed state |g, 0 does not change through the evolution (because it is a one-dimensional trivial decoherence-free-subspace), it turns out that the rules of p and (1 − p) differ in evolution, leads therefore to the above mentioned asymmetry. 
B. Initiating the field in a coherent state
We now check our results in the case that the field is prepared initially in a coherent state |α . In what follows we set the field density as |α| = √ 5, so it is enough to use only 30-dimensional truncated subspace of the field Fock space.
• Unitary evolution i.e γ = 0:
First suppose the evolution is unitary, i.e. γ = 0. Figure 6 shows D G of the JCM when the atom is initially in the excited state , i.e. p = 1, and in resonance with the field, i.e. ∆ = 0. Authors of [12] have calculated the negativity and mutual information of the JCM with the same assumptions. Evidently, without concerning about the scales, • Dephasing regime i.e γ = 0:
The dephasing mechanism tends to demolish the non-diagonal elements of the density ± ) = 0; This condition is held just for eight elements, four diagonal and four non-diagonal elements. For large times, it is not difficult to see that if the detuning parameter be equal to zero, we have only the diagonal ones remained and consequently the density matrix becomes zero-discord. On the opposite situation, when the detuning is very large, also these non-diagonal elements vanish for asymptotically large times. So as the same conclusion in the previous case there exists an optimum detuning in the interval ∆ ∈ (0, ∞) which gains the maximum stationary state value for geometric discord. 
